Abstract. We consider pseudodifferential operators of tensor product type which are defined on the product manifold M1 × M2 for closed manifolds M1 and M2. We prove a topological index theorem for Fredholm operators of tensor product type. To this end we construct a suitable double deformation groupoid and prove a Poincaré duality type result in relative K-theory.
Introduction
The Fredholm index is a fundamental and well-studied functional analytic invariant. One of the known properties of the Fredholm index is its behavior on vector valued tensor products of operators: If P 1 , P 2 are pseudodifferential operators acting on Sobolev spaces as bounded operators, then the product formula ind(P 1 ♯P 2 ) = ind(P 1 ) ind(P 2 ) holds, cf. [16] . For an elliptic pseudodifferential operator P ∈ Ψ m (M, E 1 , E 2 ) on a closed manifold M and acting on the sections of vector bundles E j → M , the AtiyahSinger index theorem yields a formula of ind(P ), expressing the index in terms of characteristic classes depending on the stable homotopy class of the principal symbol of P , [1] , [2] . A classical and natural question is to consider more general tensor products, i.e. operators contained in the completed projective tensor product Ψ m 1 (M 1 )⊗Ψ m 2 (M 2 ) on two closed manifolds M 1 , M 2 , which are Fredholm and to determine how the Fredholm index of such a generalized tensor product behaves, cf. [2] . The calculus of bisingular operators is a suitable model for operators of tensor product type. It was first described in [18] . The bisingular operators appear in the consideration of boundary value problems on bicylinders and are also relevant in the study of Toeplitz operators.
We denote by µ the inclusion of the continuous functions into the calculus of tensor product type operators of order (0, 0), via the action as multiplication operators. The relative K-theory of the combined principal symbol K * (σ 1 ⊕ σ 2 ) is isomorphic to K * (K) ∼ = Z, since σ 1 ⊕ σ 2 is surjective. We then define an excision map µ * : K 0 (µ) → K 0 (σ 1 ⊕ σ 2 ) between the relative K-theories. A diagram chase, which uses the structure of the double deformation groupoid, yields the construction of the isomorphism of groups pd. Altogether, we obtain the diagram with commuting triangles:
We denote by Ell ⊗ (M 1 × M 2 ) the group of order (0, 0) operators which are ⊗-elliptic, up to stable homotopy and endowed with the direct sum as composition. We make use of the Poincaré duality to prove a topological index theorem for the Fredholm index of an operator of tensor product type which is ⊗-elliptic.
The ⊗-calculus
We extend the calculus of operators of tensor product type, given in [18] to the case of products of Lie groupoids. Let G 1 ⇒ M 1 , G 2 ⇒ M 2 be Lie groupoids over closed manifolds M 1 and M 2 . We study the product groupoid G 1 × G 2 ⇒ M 1 × M 2 and denote by ̺ :
the corresponding Lie algebroid with anchor map ̺.
Note that we have the isomorphism as Lie algebroids
we have the uniform estimates:
Given a symbol a ∈ S m 1 ,m 2 (A * (G 1 ×G 2 )), we define the quantization map Op ⊗ (a) :
Here µ ⊗ is an appropriate choice of Haar system on G 1 × G 2 as a product system µ
Haar systems µ 1 on G 1 and µ 2 on G 2 respectively. The Schwartz kernel k ⊗ is defined as the Fourier multiplier with symbol a, as a uniformly supported distribution, cf. [15] . Denote by Ψ m 1 ,m 2 (G 1 ×G 2 ) the class of ⊗ pseudodifferential operators of order (m 1 , m 2 ) ∈ R 2 . We set for the residual classes
The residual operators
the usual L 2 -space on the product Lie groupoid G 1 × G 2 with norm denoted by · 2 . The ⊗-Hilbert spaces are defined as
The ξ j := (1 + |ξ| 2 j ) 1 2 are defined, if we fix euclidean structures g j on A(G j ) and denote by | · | j the corresponding norms. Fix the smooth vector bundles E,
We consider the pullback bundles (r denoting the range map of the product groupoid G 1 × G 2 ):
)-module and we define:
The operators in the extended ⊗-calculus act boundedly on the Sobolev spaces. The proof is the same as in the standard case and easily adapted to groupoids, cf. [18] .
, then P extends to a bounded linear operator:
The principal symbol structure of the ⊗-calculus can become complicated on a product groupoid. We have to take into account the generalizations of the operator-valued symbols, the scalar symbol and in the case of groupoids also the indicial symbol. Let us denote by G := G 1 × G 2 the product groupoid. Assume that the base M := M 1 × M 2 is a compact manifold with boundary or corners. Then the indicial symbol
is defined as the restriction of G-equivariant family
where H is some closed boundary hyperface of G.
Denote by p 1 :
The remaining symbol structure is determined by the three symbol mappings:
Here σ 1 , σ 2 are operator valued symbols and σ m 1 ,m 2 is referred to as the scalar symbol. Denote by σ (j) : Ψ m j (G j ) → C ∞ (A * j \ {0}) the ordinary principal symbols, j = 1, 2. Then the compatibility condition holds:
For the precise definition of the principal symbol mappings, invariantly defined on manifolds, we refer to [18] .
are pointwise invertible for j = 1, 2 and σ m 1 ,m 2 (P ) is pointwise invertible.
Returning to the case where G 1 = M 1 and G 2 = M 2 are closed manifolds. We have the following auxiliary result from [18] , [5] :
is ⊗-elliptic if and only if it is Fredholm as an operator P :
We consider the compact operators
) and we have the short exact sequence (cf. [5] ):
Where by Ψ 0,0 we denote the completion of the algebra of 0-order operators in L(L 2 (M 1 × M 2 )) operator norm and Σ ⊗ = Ψ 0,0 /K is the completed symbol space. The algebra Σ ⊗ forms the pullback:
We set
we denote the corresponding continuous extensions of the standard principal symbol homomorphisms.
Poincaré duality
Let P :
acting on the vector bundles E and F be given as an ⊗-elliptic operator. Then we note that the Fredholm index is independent of (s 1 , s 2 ) ∈ R 2 . Therefore it suffices to consider operators acting as
In addition, by considering the bounded transform, we reduce the index computation further to the order (0, 0)-case, cf. [6] .
, up to stable homotopy, endowed with direct sum as group operation.
The Fredholm index ind yields a homomorphism of groups ind :
by homotopy invariance. We consider the short exact sequence:
where µ denotes the inclusion given by the action as multiplication operators and µ the composition with the quotient map. We consider next the relative K-theory group
Here C µ denotes the mapping cone C * -algebra given by
Remark 3.2. The relative K-theory originates in [12] under the name "K-theory of a functor" and it is there proven that K(f ) ≃ K(C f ) in the framework of commutative C * -algebras. Then [19, Theorem 4 ] extends Karoubi's result to the case of monomorphisms between C * -algebras and the general case is stated in [3] . The proof of the following result is given in [19] . It relies on a non-commutative generalization of the Atiyah-Singer difference construction.
Theorem 3.3. The difference map furnishes an isomorphism of groups Ell
In addition we have the so-called mapping cone exact sequence:
Apply the six term exact sequence in K-theory to (7) and (8) which furnish appropriate connecting maps / boundary maps in K-theory. We denote by ∂ nc :
Z the boundary mapping obtained from (7) . We have for any ⊗-elliptic P ∈ Ψ 0,0
cf. [5] . For the mapping cone exact sequence we get the six term exact sequence:
In particular we have the excision map j * :
Given the smooth manifold M , A. Connes (cf. [9] ) defined the so-called tangent groupoid:
We denote by π : T M → M the canonical projection and define the structural maps as follows:
We use the notationG t M for the restriction of G t M to (0, 1]. Definition 3.4. Given two smooth manifolds M 1 , M 2 we define the following model groupoid which is as a set given by
. with structure:
Notation 3.5. We fix the notation G t
has the structure of an amenable Lie groupoid.
Proof. First note that the groupoid consists of the following boundary-components (which are clearly algebraically groupoids):
The locally compact topology on T (M 1 ×M 2 ) is defined by the convergence of sequences in local charts. We only treat one of the cases examplarity:
n , t n , u n ; x
be an open neighborhood. Then define the glueing
The smoothness of the structural maps of the groupoid can now be proved using a standard transport of structure argument. Finally, the groupoid T (M 1 × M 2 ) is amenable, since the component groupoids consist of pair groupoids and tangent bundles (i.e. bundles of abelian groups) which are amenable.
Then, in terms of the quantization for pseudodifferential operators of this type, we can write for t > 0, u > 0:
as well as
The full symbol on the calculus Ψ 0,0 (T ) is given as a twice parametrized smooth family of symbol mappings (σ
Since the double deformation groupoid is amenable, we consider the C * -algebra
) the restriction homomorphism to the (0, 0)-component subgroupoid. Also denote by e 11 :
Note that the kernel of e 00 is the tensor product
. Also using pair groupoids we immediately verify the isomorphy K ∼ = K 1 ⊗ K 2 where ⊗ denotes a C * -tensor product. We therefore have the short exact sequence:
The kernel is contractible as a C * -algebra and we therefore obtain the KK-equivalence between C * (T (M 1 × M 2 )) and C * (T (M 1 × M 2 )). Using the fiberwise Fourier transform yields the isomorphism
Definition 3.8. We define the analytic index mapping:
For bisingular operators this map recovers the Fredholm index in the appropriate sense as we will show next. The computation of the Fredholm index of a ⊗-elliptic operator relies on the following reduction result. Reduction arguments using geometric models defined with the help of suitable Lie groupoids, are also useful in the consideration of problems in higher index theory on stratified manifolds, cf. , [3] , [10] , [17] .
Theorem 3.9. There is an isomorphism of groups χ : Ell
) such that the following diagram commutes:
Proof. We first apply Theorem 3.3 to obtain the group isomorphism Ell
Then we proceed to the construction of the Poincaré duality type isomorphism pd :
. We consider first the ⊗-pseudodifferential calculus Ψ 0,0 (T ) and make use of the following diagram involving the inclusions as actions of continuous functions by multiplication operators:
e 00
µ nc 
and
There are induced homomorphisms of groups µ * : K * (µ) → K * (σ 1 ⊕ σ 2 ) and likewise µ nc * and µ c * . Let us outline the construction of µ * using diagram (14) exemplarily. Fix
is the pair of C(M 1 ×M 2 )-modules which are isomorphic via (σ 1 ⊕σ 2 )(P ), if viewed as Σ-modules through µ. Denote by q the quotient map
Consider the invertible lift of
where Q is a ⊗-parametrix of P :
By Kuiper's theorem there is a path T t through the invertible elements from 1 E ⊕ 1 F to T . Then (17) is homotopic to the relative cycle which is in the image of q in K * (K)
This defines the image of [P ] rel under µ * . We note that the diagrams (15) and (16) have surjective vertical maps with kernels that are isomorphic to mapping cones. Indeed, the full symbol σ nc consists of families viewed as continuous (operator-valued) functions,
. By definition of the pullback (compatibility conditions), the kernels of e 00 and e 11 are functions f and g on [0, 1] t ×[0, 1] u respectively such that f (0, 0) = 0 and g(1, 1) = 0. These kernels are therefore isomorphic to mapping cones. Therefore e 00 and e 11 in diagrams (15) , (16) The induced maps (µ 1 ) * and (µ 2 ) * are obtained from the following diagrams, involving the actions by multiplication operators:
The construction of (µ 1 ) * proceeds as follows. Consider σ 2 (P ) ∈ C(SM 1 ) ⊗ Ψ 0 (M 2 , p * 2 E, p * 2 F ) which arises as a SM 1 -parametrized family of invertible 0 order pseudodifferential operators. We obtain a class [σ 2 (P )] rel ∈ K 0 (µ 1 ). Denote by q 1 the quotient map
which are a pair of C(SM 1 ) ⊗ C(M 2 )-modules which are isomorphic via σ 1 (σ 2 (P )) if viewed as C(SM 1 × SM 2 )-modules through µ 1 . Consider also the invertible matrix operator:
of [σ 2 (P )] rel with regard to (µ 1 ) * . The construction for [σ 1 (P )] rel with regard to (µ 2 ) * runs analogously. Consider now the ⊗-elliptic operator P 11 = P ∈ Ψ 0,0 (M 1 × M 2 , E, F ) with ⊗-elliptic symbol a. Also, consider the class
. We compute the Kasparov product in KK-theory:
We first show that θ = (e 00 ) −1
Note that (e 00 ) * is restriction to the (0, 0)-component and µ c * is the change of coefficients in modules associated to E and F from continuous functions to pseudodifferential operators. We obtain Θ(ψ(θ))
The inverse is denoted by pd := Θ −1 .
Topological index theorem
We define next the ⊗-topological index mapping ind 
We introduce the homomorphism h t,u : (T t,u , ·) → (R N 1 +N 2 , +) which is defined as follows
Using h we obtain a right action of T on R N 1 +N 2 and the action groupoid
with the following structure:
Lemma 4.1. i) The action of T t,u on R N 1 +N 2 , induced by h, is free and proper.
ii) The orbit space T (0) × R N 1 +N 2 / ∼ is homeomorphic to the locally compact space:
we denote the normal bundles to i 1 and i 2 respectively.
Proof. i) To check that T h is a free and proper groupoid we need to verify that T h has isotropy groups which are quasi-compact and that (r h , s h ) :
is an isomorphism of Lie groupoids.
Secondly, under this isomorphism, write h = h t × h u where h t , h u are the corresponding homomorphisms G t
as Lie groupoids. By the injectivity of h t and h u the isotropy groups of T h consist of only single points, therefore they are quasi-compact. Secondly, h t and h u induce closed range / source maps, cf. [7] . Thus, since h = h t × h u and by (20) r h ⊕ s h is closed. ii) We endow B t,u with the canonical locally compact topology. There is a canonical homeomorphism B t,u ∼ = B t × B u where
The computation in [9] furnishes the orbit spaces (G t 
is not the orbit space of the T -action induced by h t,u , since the underlying equivalence relation is different. Theorem 4.3. Given the data (T , h) and assuming that N 1 + N 2 is even, then there is a map in K-theory:
Proof. First let us describe the construction of the homomorphism CT t,u h , see also [7] . To this end define a homomorphism H :
and by setting H(γ 1 , γ 2 , t, u) = (th 1 (γ 1 ), uh 2 (γ 2 )).
Define the groupoid
as the semi-direct product groupoid of the action induced by the homomorphism H.
. We obtain the short exact sequence:
Since the kernel is contractible, we obtain the index map
Furthermore, since N 1 + N 2 is even, denote the Bott isomorphism by [8] . Altogether, we obtain the isomorphisms in K-theory:
Assuming that N 1 +N 2 is even this implies that the natural map CT h is an isomorphism in K-theory. By Lemma 4.1
N ) which recovers the Thom isomorphism by the uniqueness result of Elliot-Natsume-Nest [11] .
Remark 4.4. Connes defines in [9] the geometric K-homology K geo * (G) for a proper Lie groupoid G. Denote by C G the category of proper right G-spaces and homotopy classes of G-equivariant maps. Given Z ∈ C G , we denote by q : Z → G (0) the anchor map of the action. We define T q Z := ker dq, the vertical tangent bundle. The definition of the geometric K-homology relies on the following generators and relations:
• (Z, x) where Z ∈ C G , x ∈ K * (C * (T q Z ⋊ G)).
• (Z 1 , x 1 ) ∼ (Z 2 , x 2 ) :⇔ there is a Z ∈ C G and G-equivariant smooth maps f j : Z j → Z such that (df 1 ) ! (x 1 ) = (df 2 ) ! (x 2 ). The pushforward is defined via E-theory, cf. [9] for the details. The geometric assembly map µ geo : K geo * (G) → K * (C * (G)) is defined as µ geo ([Z, x] ∼ ) = (π Z ) ! (x), where π Z : Z → EG is the natural projection map to the classifying space, i.e. final object EG ∈ C G . The groupoid G has the geometric Baum-Connes property if µ geo is an isomorphism. Recall the following result due to Connes: If Z ∈ C G is a final object, then K geo * (G) = K * (C * (T q Z ⋊ G)). We apply this to our situation: Given (G, h) an amenable Lie groupoid with free and proper action of G on R N induced by h. Then set G h := R N ⋊ h G ⇒ G (0) × R N and denote by B h the orbit space. Consider the diagram:
If G has the geometric Baum-Connes property, then by uniqueness (µ geo ) −1 = CT h and the computation of the index invariants can be reduced to the computations on the orbit space B h . This is the basic idea to Connes' proof of the Atiyah-Singer index theorem when G is the tangent groupoid of a compact manifold without boundary. By Theorem 4.3 it follows that the double tangent groupoid T has the geometric BaumConnes property. N 2 ) is the Thom-isomorphism, β the Bott periodicity isomorphism and e h 00 , e h 11 denote the restrictions to the t = 0, u = 0 and t = 1, u = 1 components of B t,u . 
